We propose and study in detail a class of qubit depolarizing channels that are asymmetrically non-Markovian and are characterized by up to three singularities in the generator. The three canonical decoherence rates are shown to flip sign after each singularity. Most members of the channels in the family are quasi-eternally non-Markovian (QENM) channels, whereby there is a finite time t * , such that the channel is CP-indivisible for all t > t * . In specific, the measure of QENM channels in the symmetric case is 2 3 , and that in the asymmetric case is about 0.96.
I. Introduction
It is well known that noise is inevitable when it comes to control of quantum systems in a realistic scenario [1] [2] [3] . Non-Markovianity helps recover coherence that is lost due to system-environment interaction [4, 5] . Hence it can be thought of as a resource for efficient real-life implementation of quantum information processing tasks [6] , such as quantum key distribution [7, 8] , quantum teleportation of mixed quantum states [9] , and quantum thermodynamics [10] , to name a few. Therefore, the characterization and study of non-Markovian quantum channels [11] [12] [13] [14] [15] is called for.
In many of the works in the literature, the study of non-Markovian dynamics has been done by incorporating physical models of particular interest [16] [17] [18] [19] . Here, we provide a model-independent framework, introduced in [20] , in which a method of creating non-Markovian analogues of dephasing and depolarizing channels was presented. Here, we adopt that method to obtain a family of asymmetric non-Markovian depolarizing and random unitary channels. In this method, it is important to note the presence of singularities in the timelocal generator, with which non-Markovianity of the channels is identified. The time is mapped on to the monotonic nature of noise parameter p, which was called the "time-like" [21] parameter in [20] , whose functional form is not needed for the purpose of this paper. For example, in the dephasing channel given by E t [ρ(t)] = (1 − p(t))ρ(0) + p(t)σ z ρ(0)σ z , t = {0, ∞} corresponds to p = {0, 1 2 } . Throughout this paper, we associate time-dependence of states, operators and functions with p.
This paper is arranged as follows. In Section (II) we review non-Markovianity conditions for generalized Pauli channels. In Section (III) we present depolarizing channel with asymmetric non-Markovianity as an example of a generalized Pauli channel which in turn is an example of random unitary dynamics. An analysis of the singularities in the master equation of the channel is presented in Section IV, non-Markovianity is illustrated in terms of the negativity of the intermediate map in Section V. In Section (VI) we revisit the symmetric ver- * shrik@poornaprajna.org † srik@poornaprajna.org ‡ subhashish@iitj.ac.in sion of non-Markovian depolarization channel and quantify it with HCLA as well as a recently introduced [15] measure. In Section (VII) we show that most of the channels studied here are quasi-eternally non-Markovian (QENM), i.e., they have negative decoherence rate after a finite time t * , but may CPdivisible before that [22] . Then we conclude in Section (VIII).
II. Markov and non-Markov conditions for qubit Pauli channels
An instance of a random unitary dynamics may be given by the map of a qubit Pauli channel:
where σ 0 = I, and σ j , j ∈ {1, 2, 3} are Pauli operators, and 3 j=0 κ j (p) = 1.
The canonical form of master equation corresponding to the map (1) isρ
where γ j (p) is the decoherence rate corresponding to the j th unitary operation in the channel. L p is the generator of the dynamics (1) such that L p =Ė p E −1 p . The singularities in generator L p may lead to momentary non-invertibility of the map E p , which can indeed be shown to be non-pathological [20] . The decoherence rates diverge at the singularities, and this can be overcome by normalizing them suitably.
One may obtain the probabilities κ j (p) by introducing the quantities A ij (p) = e −2[Γi(p)+Γj (p)] where Γ i (p) is the time integral for the i th decay rate corresponding to i th unitary channel, and is given by Γ i (p) = exp( p 0 γ i (p )dp ), where arXiv:2002.11452v1 [quant-ph] 26 Feb 2020 0 ≤ p ≤ p. The coefficients, κ i (p) take the form [23] :
According to [23] , the criterion for the channel to be CPdivisible at all times during the evolution is
A condition pertaining to P-divisibility is:
Also, it is known that [23] if a Pauli qubit channel is HCLA non-Markovian, then it is BLP non-Markovian as well if the condition (5) is violated. In this sense, HCLA criterion [24] is equivalent to divisibility [25] and distinguishability [26] for qubit channels.
III. Asymmetric non-Markovian depolarization
A qubit Pauli channel in the Kraus representation is given by the map E[ρ] −→ j K j ρK † j , with K j = √ κ j σ j , where K j 's are the Kraus operators. Using the method introduced in [20] , one may generate non-Markovian extensions of K j 's as:
where Λ j (j ∈ {0, 3}) is a real function, and p is a real parameter, which acts like time, in this framework. It rises monotonically from 0 to 3 4 , and its functional form does not matter here. The variables Λ j satisfy the following condition
as a consequence of the completeness requirement j K † j K j = I, which ensures that the map (6) is completely positive (CP). In agreement with Eq. (7), we make the following choices: Λ 0 = −(l + m + n)p, Λ 1 = 3l(1 − p), Λ 2 = 3m(1 − p) and Λ 3 = 3n(1 − p), where l, m, n are real.
Then, the non-Markovian Kraus operators take the form
The parameters l, m, n may be seen to represent the non-Markovian behavior of the channel, such that setting l = m = n = 0 reduces the Kraus operators in Eq. (8) to those in the conventional Markovian depolarizing channel, which is a type of Pauli channel. It is easy to see that setting l = m = n = α reduces (8) to the non-Markovian depolarizing channel introduced in [20] . By definition, E(p = 0) = I, which implies that κ 0 (0) = 1. In a depolarizing channel, the mixing parameter p(t) varies from 0 to 3 4 , at which point the state becomes maximally mixed. For p > 3 4 , the system deviates from I 2 , i.e., to recohere.
The canonical decay rates may be γ j (p) in the equation (2) are calculated using the method given in [23, Section 2], and are found to be:
where
Here x 1 ≡ l + m, x 2 ≡ l + n and x 3 ≡ m + n. 
IV. Analysis of singularities
In order to analyze the singularities, one needs to extract the roots of Eq. (10). The zeros of c j in Eq. (9) yield the singularities of the decay rates. Solving for any c j , one finds:
p ± j are the two solutions for p in the second equation of Eq. (10) for a given j. The larger of the two roots can be ignored as it appears after p = 3 4 . Here, l = m = n = 0 corresponds to Markovian evolution, and if any one of the parameter is non-zero, the channel exhibits non-Markovian evolution after it experiences a singularity.
The singularity pattern in Figure 1 can be understood by following the behavior of any function
in Eqs. (9) . This immediately shows that the function flips its sign at p = p − j . An example is plotted in Figure ( 2).
Referring to the form of Eq. (9), this implies that each rate by itself will have its sign flipped at the singularities. To see this, assuming more than one singularity, note that close to one of the singularities, only the function(s) nj cj that diverges at that singularity will be unbounded, whereas the other contribution(s) to the given rate γ k will be finite. Thus, the rate as a whole inherits the sign flipping behavior. Figure 1 exemplifies this pattern. Here the behavior of the decay rate of γ 2 (p) is the composite of the above pattern of evolution of the three terms nj cj . If l = m = m, then x 1 = x 2 = x 3 , leading to three singularities, whilst if two of the non-Markovianity parameters are equal, say l = m = n, with l, m, n > 0, then there are two singularities at p − 1 = p − 3 and at p − 2 . If l = m = n > 0, then a single singularity occurs at 
One may easily check that the conditions of CP-divisibility (4) and P-divisibility (5) , which is equivalent to BLP in this case, are violated by the proposed non-Markovian Pauli channel in equation (8) . The time-dependent eigenvalues λ j (p 2 , p 1 ) of the Choi matrix χ ≡ (E(p 2 , p 1 ) ⊗ I)(|00 + |11 ) are given below: Let
Then where, p 2 ≡ p and p 1 ≡ s, for all p ≥ s > 0. Here, p ± j , with j = {1, 2, 3} are as given in Eq. (11) . The eigenvalues are plotted against time p for a fixed s in Figure (4) . 12), against the values of p ∈ (s, 3 4 ], with l := 0.2, m := 0.4, n := 0.6. Here, s is taken to be slightly less than min{p − 1 , p − 2 , p − 3 }. We note that λ1 is negative through the considered range, and λ4 curve intersects that of the other eigenvalues.
VI. Revisiting non-Markovian depolarization
The case when l = m = n = α corresponds to the symmetric non-Markovian depolarization as proposed in [20] . The Kraus operators for this channel are given by Eq. (8) with l = m = n ≡ α, where 0 < α ≤ 1. All the decay rates γ 1 (p), γ 2 (p) and γ 3 (p) are equal and given by:
In view of Eq. (9), Eq. (11) correspondingly reduces to
Here p − is the single singularity that occurs in elements of this family of channels. The form of Eq. (13) shows that, as with the asymmetric case, the sign of the decay rate discontinuously flips from positive to negative at p − , after which it continuously decreases in magnitude. However, whether this eventually leads to a positive rate depends on the specific value of α, as discussed below. In particular, note that in Eq. (13), the denominator remains negative for p > p − . On the other hand, the numerator monotonically falls with p. If α is large enough to make the numerator negative, then for such sufficiently large values, the asymptotic rate γ becomes positive. This is determined as follows. The point at which the numerator vanishes is
Thus, the range of α for whichp < 3 4 would correspond to the failure of the QENM condition. Observe that dp dα = − 1 6α 2 < 0, andp = 3 4 corresponds to α = 2 3 . Therefore, the range α ∈ [ 2 3 , 1] corresponds to the failure of the QENM condition. In Figure 2 ,p would correspond to the point where the rising (i.e., second) curve meets the y = 0 line. Ifp < 3 4 , then the channel decay rate becomes positive asymptotically.
A. Quantification of non-Markovianity
Accordingly, the non-Markovianity of any channel in this family can now be quantified according to the measure of [24] as:
where, γ (p) ≡ −γ(p) 1−γ(p) is the normalized version of −γ(p) in the time-local master equation.
For example, consider the case of α = 0.6, for which the lone singularity is p − ≈ 0.343, after which the decay rate is negative. Note that the rate γ has the same behavior as the ratio function depicted in Figure 2 . The non-Markovianity measure correesponding to the two expressions in Eq. (17) are, respectively
Here q 1 = √ 9α 2 − 3α + 1 and q 2 = 3(4 − 15α)α − 4. Note the expression is continuous at α = 2 3 . The corresponding plot of is given in Figure (5) and depicts, as expected, that the degree of non-Markovianity is an increasing function of α.
Important to note is that the channel (8) violates the conditions of CP-divisibility (4) and also P-divisibility (5), hence it is BLP non-Markovian as well [27] .
B. Alternative quantification of non-Markovianity
Recently, [15] introduced a measure (which may be called the SSS measure for convenience) of non-Markovianity based on deviation of the process from having a quantum dynamical semigroup structure, which is equivalent to the idea that the form of the dynamical map remains invariant in time throughout the evolution and captures a notion of non-Markovianity weaker than CP-indivisibility. The intermediate infinitesimal map is given by (δE)ρ(p) = T exp p+dp p L(s)ds ρ(p) = (1 + L(p)dp)ρ(p). The distance between two intermediate infinitesimal maps is then: δE(p) − δE * (p) = (L(p) − L * )dp, where L and L * are, respectively, the generator of the dynamics and that pertaining to the semigroup form (which is timeindependent). The required weaker-than-CP-divisible measure is based on the deviation from the semigroup form:
where A = Tr √ AA † is the trace norm of a matrix A, and A is the Choi matrix corresponding to operator A. For the channel (8), the measure (19) reads,
where γ(p) is given by the Eq. (13), and γ * is the constant decay rate obtained when α = 0, which pertains to semigroup dynamics. In practice, it may be convenient to use the family semigroup limit value of γ, which is found to be c 4 , given that the parametrization of time p takes the form p(t) = 3 4 (1 − e −ct ), where c is a real number defining the strength of decay.
In Ref. [15] , the quantification Eq. (19) does not explicitly consider the occurence of singularities. Here, we point that the quantification can be straightforwardly extended to the latter case, such as in the present work, by replacing the rate γ with a suitable renormalized value. Here we use γ → γ ≡ |γ| 1+|γ| . Furthermore, the resulting measure (20) itself can be suitably normalized as N SSS = N SSS 1+N SSS to confine it to the range [0, 1]. The doubly renormalized weak non-Markovianity measure against α is plotted in Fig. (5) , where it seen to have the similar dependence on α as the HCLA measure.
VII. Quasi-eternal non-Markovianity
The concept of eternal non-Markovianity was introduced in [24] , where a Pauli channel with decay rates γ 1 (t) = γ 2 (t) = 1 and γ 3 (t) = − tanh(t) was proposed as an example of a CP-indivisible channel that is Markovian according to the distinguishability criterion [26] . As evident, this channel has the property that it has a negative rate for all times t > 0, and accordingly called "eternally non-Markovian".
Here we introduce the concept of a channel E that is "quasieternally non-Markovian" (QENM) if there exists a finite time t * such that E is CP-indivisible for all times t > t * . The channel may be CP-divisible for t ≤ t * . Note that in the present framework, a channel is quasi-eternally non-Markovian if there exists a finite p * such that the channel is CP-indivisible for all p ∈ [p * , 3 4 ].
For the family of channels considered here, the QENM property can be checked by verifying that γ j ( 3 4 ) < 0 for any j. In the case of symmetrically non-Markovian depolarizing channel (setting l = m = n ≡ α), for α > 0, as discussed earlier, the channel is CP-divisible for 0 ≤ p < p − and CPindivisible for p − < p ≤p, defined in Eq. (15) . Sincep < 3 4 precisely for the set 0 < α ≤ 2 3 , the measure of symmetric NM depolarizing channels that is QENM is 2 3 .
In the general asymmetric case, it follows from Eq. (9) that the conditions for γ 1 , γ 2 and γ 3 to be negative at p → 3 4 is
respectively, where x 1 = (l + m), x 2 = (l + n) and Also, it would be pertinent to point out that the the channel introduced and characterized in [20] is quasi-eternal non-Markovian. This is reviewed in the Appendix, where it is characterized in terms of physical time t instead of the formal parameter p.
VIII. Conclusions
This paper introduces depolarizing channels that are asymmetrically non-Markovian, generalizing a previously proposed method [20] . These channels are characterized by up to three singularities in the generator. The three canonical decoherence rates were shown to flip sign after each singularity. Most members of the channels in the family are quasieternally non-Markovian (QENM), which is a broader class of non-Markovian channels than the eternal non-Markovian channels. The measure of QENM channels is found to be 2 3 in the symmetric case, and 0.96 in the asymmetric case.
Possible future directions would be to generalize this approach to random unitary channels, and study their singularity pattern and QENM property. Importantly, physical systems that can realize this, or even the simpler non-Markovian dephasing channels, would be of practical interest. These studies are expected to have an impact on near-future quantum technologies. In this particular case, the singularity t * = cosech −1 α appears at the time t * ≈ 1.098 units, after which the channel always remains non-Markovian though with decreasing negativity of decay rate.
Quasi-eternal non-Markovian dephasing
We consider a non-Markovian analog of dephasing presented and analyzed in [20] , whose Kraus representation of map reads
where σ z is Pauli Z operator. α is a real parameter that defines the degree of non-Markovianity of the channel and ranges from 0 to 1, and p can be thought of as parametric time whose functional form may be given by p(t) = 1−e −ct 2 such that when t = 0, p(t) = 0 and when t → ∞, p(t) = 1 2 . The decay rate can be read out from the canonical master equationρ = γ(p)(σ z ρσ z − ρ) or simply from the effect of map (22) on a qubit density matrix as ρ 11 ρ 12 Q(p) ρ 21 Q(p) ρ 22 , with Q(p) = 1 − 2κ(p) = exp{−2 p 0 γ(s)ds}, for all 0 ≤ s ≤ p. Therefore, for NMD of the form (22) we find the decay rate to be γ(p) = − 1 2Q(p) dQ(p) dp
In terms of actual physical time t, the decay rate (23) becomes:
This is plotted against time in Fig. (6) . It is interesting to note that when t → ∞, then γ(t) → 0 − but never becomes zero. Hence, one may call it 'quasi-eternally non-Markovian dephasing' for the reason that the channel makes transition to being non-Markovian only after the a critical transition time t * and remains so ever after, see Fig. (6) . This critical time corresponds to a singularity in the time-local generator. Interestingly, the appearance of singularity in the generator is not trivial and may prompt one to look for some interesting physical features of dynamics with decay rate of the form (24) , and finding such physical systems is a question we leave open. The singularity in time at which the decay rate blows up is found to be t * = cosech −1 α c . Correspondingly, at the map level, one finds a momentary non-invertibility of the intermediate map. The pair of real numbers {c, α}, with 0 ≤ α ≤ 1 defines a family of non-Markovian dephasing (NMD) channels with c representing the quantum dynamical semigraoup limit of the family, and c ≥ 0. The reader is referred to [20] for a detailed study of this channel.
